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Abstract: Euclid’s Elements was a groundbreaking mathematics book published circa 300 BC.
Among other propositions, it famously shows how to construct the equilateral triangle, square,
and the regular hexagon, pentagon, and 15-gon using only a compass and unmarked straightedge.
However, it was not until 2100 years later that Carl Gauss discovered how to construct a regular
17-gon, which proved that Euclid’s list was incomplete.

This talk discusses how Gauss’s approach compares to the classical constructions. It turns
out that at age 19, in 1796, he used complex numbers, cyclotomic polynomials, quadratic field
extensions, abelian Galois groups, and cosets to construct regular n-gons. This is especially
impressive because this was long before the development of abstract algebra in the second half
of the 19" century.

The case of the regular pentagon is discussed in detail before turning to Gauss’s
breakthrough discovery that the regular 17-gon was constructable. Below is a facsimile from
section 365 of the Disquisitiones arithmeticae, which gives an exact expression for cos(2x/17).
How did Gauss derive this? Come and find out.
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